Small atomic or molecular clusters provide the bridge between vapor and liquid phases. Nucleation is a rare event process by which clusters of a new phase are produced. This process is inherently dynamic and as such the new phase cannot exist until an activation barrier is surmounted. Dynamical Nucleation Theory (DNT) utilizes variational transition state theory (VTST) to provide a framework in which cluster evaporation and condensation rate constants can be determined directly. To date, the fundamental nature regarding the intrinsic instability of the kinetics of the nucleation process has eluded theoretical efforts. In this paper we present a sensitivity analysis of the homogeneous nucleation rate on kinetic parameters used in DNT.
INTRODUCTION
The recognition of the extreme sensitivity of nucleation phenomena on physical conditions dates back to the late 1800's with the pioneering work of Coulier, 1 Aitken, 2 and
Wilson. 3 These early researchers realized the importance of the role fine particulate matter (e.g. dust, trace contaminants, ions, etc.) played in condensation phenomena. The subtle nature of nucleation phenomena was further underscored by the use of cloud chambers to open up the world of subatomic physics and cosmic radiation to science leading to four Nobel prizes.
However, a more complete picture would have to wait until molecular-level descriptions became feasible nearly a century later. Nucleation is clearly an important process involved in many scientific endeavors (physics, chemistry, atmospheric sciences, nanotechnology, biology, medicine, etc.) and thus, is worth pursuing and understanding.
Homogeneous vapor-to-liquid nucleation requires surmounting a series of activation barriers via rare event processes. The presence of trace species can reduce the activation barrier to nucleation, thereby decreasing the range that the system can extend into regions of thermodynamic metastability. Inevitably, almost all experimental conditions are such that the nucleating vapor is characterized by some degree of contamination. Given the extreme sensitivity of the nucleation rate on experimental conditions, it is of fundamental importance to understand the underlying molecular processes.
The nucleation of water droplets from the vapor is important for a number of reasons.
First, there have been several experimental investigations of water nucleation. [4] [5] [6] [7] [8] [9] These studies provide important benchmarks for experimental and theoretical efforts. Water also plays an important role in nucleation processes in the atmosphere, particularly in the water-sulfuric acid system. 10, 11 An understanding of pure water nucleation is an important first step toward the study of nucleation in more complex, multicomponent systems. Furthermore, water nucleation serves as a good prototype system to study the sensitivity to the presence of other species, since many substances are soluble in water and the presence of these substances may affect the nucleation rate. Understanding the role of additional components, such as ammonia, in the nucleation of the sulfuric acid-water system is also of interest in the atmospheric community. 12 There have been three major experimental efforts to quantify the nucleation rates for water. These experiments include those performed using (1) a single piston expansion cloud chamber at the University of Missouri, Rolla; 4, 7 (2) a two-valve expansion cloud chamber at the Max-Planck-Institute für Biophysikalische Chemie, Göttingen, Germany; 6, 9 and (3) a laminar flow tube reactor coupled to a mass spectrometer at Pacific Northwest National Laboratory, Richland, WA. 8 Each of these nucleation devices has their own particular range of operational conditions (e.g. absolute nucleation rates, temperatures, and supersaturations). In general, these experiments agree with one another at higher temperatures but disagree at lower temperatures.
However, recent experiments by Schmitt et al. 7 show that repeated cycling of the chamber to higher supersaturations than those used in the data-taking runs result in smaller absolute nucleation rates (about three orders of magnitude smaller) at the same supersaturatio n. The claim is made that repeated cycling effectively cleaned the chamber of impurities. This raises the question: Is the homogeneous nucleation of pure water actually being measured? All the experimental studies have made an honest attempt to measure pure water nucleation; however, there may still be some trace contaminants affecting the nucleation process. One way to verify that these experiments are nucleating pure water is to use a mass spectrometer and analyze the resulting aerosol for contaminants. 8 The discrepancy between these experiments on "pure" water are of similar magnitude as that found in a recent experiment on the difference between the homogeneous nucleation rates for H 2 O and D 2 O. 9 These investigators found that the nucleation rate of D 2 O was greater than H 2 O by a factor of 2500 due to isotope effects. A consistent molecular theory of nucleation would be beneficial to interpret the experimental results and is necessary in order to provide a molecular-level understanding of this interesting isotope effect.
Dynamical Nucleation Theory (DNT) may be able to provide some insight as to why one would expect the nucleation of D 2 O to be greater than H 2 O.
Before concluding this discussio n on the experimental aspects of nucleation some mention of the nucleation theorems 13, 14 is in order. The first nucleation theorem 13 states that the variation in the nucleation rate J with respect to supersaturation S (at constant temperature T) can be related to the size of the critical cluster i * . The second nucleation theorem 14 states that the variation in J with respect to temperature T (at constant supersaturation S) can be related to the cluster internal energy. Using the nucleation theorems on current experimental data to obtain cluster properties, albeit of some qualitative value, are of limited utility. This is because the propagated uncertainties in the critical size i * and critical cluster internal energy are still quite large. For example, using the first nucleation theorem gives an uncertainty in the critical size of about ± 5 to10 water molecules. 9 Use of the second nucleation theorem yields uncertainties on the order of several kcal/mol. 14 In the present work, it will be shown that uncertainties of this order can have tremendous consequences on the overall nucleation rate. This analysis will also reveal that the nature of the extreme sensitivity of nucleation phenomena can be explained in terms of the underlying molecular interactions.
DNT is a molecular-level approach, which was recent ly developed for the study of homogeneous vapor-phase nucleation. 15, 16 It has been shown to be a practical tool for the determination of water cluster evaporation and condensation rate constants. 17 DNT has the potential to extend our understanding of single and multi-component homogeneous nucleation including the effects of trace contaminants. In contrast to Classical Nucleation Theory (CNT) 11, 18 where molecular clusters are considered as uniform density liquid droplets and characterized in terms of bulk liquid properties such as surface tension and liquid density, the nucleation process is viewed from a gas-phase scattering perspective. Clusters are treated as discrete units where cluster growth is controlled by monomer association and dissociation reactions. Viewing the multi-step kinetics of the nucleation process in this manner is quite reasonable since the average distance between two water monomers in the vapor is quite large (about 10 4 Å at 243K and a supersaturation of 10) and the average distance between a water monomer and a cluster is even larger. Moreover, instead of viewing nucleation as density fluctuations in a fluid, an explicit molecular description of interacting molecules is considered.
Nucleation is a multi-step process relying on tens of monomer addition reactions (depending upon temperature and supersaturation). Prediction of absolute nucleation rates, which requires accurate rate constants for each of the elementary reaction steps, presents a formidable challenge to molecular-level theoretical approaches. For example, an error of only 0.5 kcal/mol in the activation energy leads to factor of 2 error in the rate constant at ambient conditions for a single reaction step. The compounding of errors in the individual rate constants over tens of reaction steps can lead to extremely large errors in the nucleation rate. The accurate treatment of reaction rate constants for the single steps requires (i) an accurate description of the intermolecular interaction potential, (ii) an accurate and consistent theory connecting the interaction potential with the rate constant, and (iii) accurate statistical mechanical approaches to determine relevant molecular-scale averages. In previous work, [15] [16] [17] the theoretical framework of DNT and the simulation techniques required to obtain numerically accurate results were presented. Although DNT is not an exact theoretical description of nucleation, we aspire to clearly understand the approximations in this approach. 19 Examination of the approximations inherent in DNT is the subject of ongoing research by our group. The focus of the present paper is to develop an understanding of the factors governing the extreme sensitivity of nucleation phenomena, and in particular the effect of different water interaction potentials on the nucleation
rate.
An overview of nucleation kinetics and a sensitivity analysis of the nuc leation rate are presented in Section II. This section will elucidate and identify which kinetic parameters have the most profound effect on the nucleation rate. The theoretical approach to obtain the cluster evaporation and condensation rate constants is reviewed in Section III and an analysis of the sensitivity of the nucleation rate to the underlying interaction potential is presented. An application of DNT to water clusters using different interaction potentials is given in Section IV.
Section V provides a brief discussion of the different bulk water models, including calculations on the energetics and thermodynamics of small water clusters and a discussion of the role of zero-point energy. Comments and conclusions are provided in Section VI.
II. NUCLEATION KINETICS AND SENSITIVITY ANALYSIS
The nucleation mechanism is assumed to be described by condensation and evaporation of monomers from clusters
where N i is the number of i-molecule clusters, α i is the evaporation rate constant for loss of a monomer from an i-molecule cluster and β i-1 is the condensation rate constant for addition of a monomer to an (i-1)-molecule cluster. The assumption of monomer addition and loss can be tested by including more complicated reaction channels (e.g. dimer addition and loss). It is further assumed that nucleation occurs under conditions where the monomer concentration is significantly larger than the concentrations of i-clusters so that condensation of two clusters will be an unlikely event. Although the importance of evaporation of small clusters from larger ones needs also to be tested, the approximate kinetic mechanism in Eq. (1) will suffice for the present study, which aims at understanding the sensitivity of nucleation to kinetic parame ters and the underlying interaction potential.
Numerical solution of the kinetic equations for single component nucleation have been presented previously. 20 In this section a review of the kinetic equations is provided so that sensitivity analysis can be applied. The current between adjacent clusters is given by
Under steady state conditions (dN i /dt = J i-1 -J i = 0) the currents are all the same and equal to J ss . The steady-state homogeneous nucleation rate can be written (using detailed balance)
where N i EQ is the equilibrium concentration of i-clusters. The detailed balance condition is given by,
where K i−1,i EQ is the equilibrium constant. The equilibrium cluster distribution N i EQ for i > 1 is given in Section III, and by definition N 1 EQ = N 1 , which is the monomer population.
Given the delicate nature of the nucleation process it is important to assess the effects of the uncertainties in the kinetic parameters governing the steady-state nucleation rate. Sensitivity analysis can help identify the rate constants upon which the nucleation rate depends most, and it can also aid in the identification of specific reaction mechanisms and the design of experiments to measure particular aspects of the nuc leation process. In addition, focusing only on those clusters that affect the nucleation rate can reduce the amount of computational effort put toward molecular simulations. To our knowledge, this work represents the first investigation of the sensitivity of the steady-state rate on the individual kinetic parameters.
In the sensitivity analysis that follows the focus is centered on the variation of the nucleation rate with respect to independent fluctuations in system parameters. Consider two cases: In the first case, the collection of evaporation rate constants, α i , and condensation rate constants, β i , are chosen as the independent variables since these are the natural variables used in DNT. In CNT the natural variables are the condensation rate constants, β i , and the equilibrium populations, N i EQ . The form of Eq. (3) indicates that treating either the evaporation or condensation rate constants will yield equivalent sensitivities to the kinetic parameters. It will become evident in Section III that it is more convenient to choose the evaporation instead of the condensation rate constants. So, in the second case, the evaporation rate constants, α i , and the equilibrium populations, N i EQ , are chosen as the independent variables.
A. Evaporation and Condensation Rate Constants as Independent Variables
It is convenient to start from the compact form of the nucleation rate for single component systems given by Eq. (3). The Dillmann-Meier 21 phenomenological model of water nucleation is used to determine the kinetic parameters and to illustrate the sensitivity analysis.
Using the detailed balance condition in Eq. (4), the equilibrium populations can be rewritten in terms of the monomer population and the rate constants as
Using this relationship in Eq. (3), we can express the nucleation rate as
Inspection of Eq. (6) shows the sensitivity of the steady-state rate J ss on the individual evaporation and condensation rate constants. For example, if the dimer evaporation rate constant is lowered by one order of magnitude, while keeping all other rate constants fixed, then J ss is increased by one order of magnitude!
To put this on a more quantitative basis, Eq. (6) can be rewritten as
where P 1 = 1, and
Using the weighting function, defined by
yields the simple result Figure 1 shows the variation in J ss with respect to the condensation rate constants (with α i , i = 1, …, ∞, and N 1 held constant) and the variation in J ss w ith respect to the evaporation rate constants (with β i , i = 1, …, ∞, and N 1 held constant), which are given by Figure 1 (normalized u i plotted as a function of i) shows that in the case where the evaporation and condensation rate constants are treated as independent parameters, the nucleation rate is sensitive to all pre-critical cluster rate constants.
B. Evaporation Rate Constants and Equilibrium Populations as Independent Variables
Now, consider variations of Eq. (3) with respect to evaporation rate constants, α i , and
where
Thus, Figure 1 shows how the steady-state nucleation rate J ss varies with evaporation rate constants (with N i EQ held constant) or equivalently with the equilibrium populations (with β i , i = 1, …, ∞, held constant), which are given by
Figure 1 (normalized w i plotted as a function of i) shows that when the evaporation rate constants and cluster distribution functions are treated as independent parameters, the sensitivity of the nucleation rate peaks around the critical cluster. Thus, if the evaporation rate constant and equilibrium populations for the critical cluster can be determined directly, then the nucleation rate will not be as sensitive to the rate constants of the pre-critical clusters. The consequences of this fact are discussed more in the next section.
III. THEORY
In DNT, as in classical nucleation theory, nucleation is treated as a kinetic mechanism of cluster growth as given in Eq. (1). DNT consists of a theoretical approach for obtaining the kinetic parameters (α i and β i ), followed by solution of the kinetic equations for cluster evolution to determine a nucleation rate. The emphasis of DNT is the evaluation of the monomer evaporation rate constant for an isolated cluster of size i. As in other molecular based approaches, the absolute Helmholtz free energy of a given cluster is a fundamental quantity, as it determines the population of clusters. Using detailed balance, the ratio of the evaporation and condensation rate constants is related to differences in Helmholtz free energy between adjacentsized clusters. Most previous molecular approaches approximate the condensation rate constant using a gas-kinetic model of a perfectly absorbing sphere. 22 An important quantity in these previous approaches is the i-cluster volume or, equivalently, the size of the i-cluster configuration space. Given an estimate of the gas-kinetic condensation rate, the evaporation rate is estimated using detailed balance.
The details of this approach for calculating the evaporation rate constants are presented elsewhere. 16 In DNT, the ambiguity associated with determining the size of the relevant configuration space or "definition of an i-cluster" is removed through application of variational transition state theory (VTST). 23 For each stage of the kinetic process, the dynamical bottleneck in phase-space is explicitly evaluated. This dynamical bottleneck is characterized by a dividing surface in phase space that separates reactant states from product states. From this dividing surface an unambiguous definition of a cluster emerges which is consistent with detailed balance and the evaporation and condensation rate constants. In the initial formulation of DNT a spherical dividing surface (with a confining radius, r cut ) with the origin at the cluster center-ofmass was chosen for simplicity. This dividing surface is similar to the "physically consistent cluster" of Reiss et al. 24, 25 and results in an expression for the evaporation rate that is proportional to the derivative of the Helmholtz free energy with respect to r cut . 15, 17 A significant advantage of the DNT formulation of the evaporation rate constant is that the theory can be systematically improved through consideration of increasingly more general dividing surfaces. Furthermore, dividing surfaces within DNT may be defined such that previous molecular approaches in nucleation theory can be recovered. As a rare event process, it is not practical (or perhaps not even possible) to observe nucleation directly through molecular dynamics simulation at conditions relevant to the atmosphere, e.g., starting from a system of supersaturated monomers and waiting for nucleation to occur. It is possible, however, to obtain exact rate constants for each stage of the cluster build-up process by constructing a consistent statistical mechanical ensemble on a dividing surface and viewing the resulting molecular dynamics. Furthermore, an approach that avoids explicit dynamics and, therefore, remains computationally tractable is obtained by recasting the rate theory in terms of statistical mechanical averages. This is the essence of VTST. As a variational theory, any choice of dividing surface will give a rate constant that is greater than the exact rate constant determined from explicit molecular dynamics. An improved estimate of the rate constant can be obtained by varying the dividing surface until a minimum rate constant is determined.
The dividing surface may be defined by the relation S(r (i) )=0, where the collective position coordinates for the i-cluster are represented by r (i) =(r 1 ,…,r i ), with the k th molecular coordinate represented by r k . Initially, a simple and convenient functional form for the dividing surface S r
will be used, where r cut is an adjustable parameter. When S(r (i) ) < 0, the system is considered to be in the reactant region of phase space. Thus, all molecules lie within a sphere of radius r cut about the center-of-mass of the cluster. When S(r (i) ) > 0, at least one molecule is outside the sphere and the system is considered to be in the product region of phase space.
With this dividing surface the transition state theory (TST) evaporation rate constant may be written as a function of the dividing surface parameter, r cut , and temperature, T, as 15, 16 
where the internal pressure of the cluster is given by
with the volume of the spherical confining surface v = 4πr cut 3 3, the mean kinetic velocity 
Here
, where h is Planck's constant. The potential energy of interaction of the molecules is U i (r (i) ) and θ(x) is the Heaviside step function [θ(x) = 0,
The internal free energy, A i r cut ,T ( ), may be separated from the total free energy, by removing the translational contribution as
For translationally invariant interaction potentials, the internal free energy is independent of the system volume, V. The zero of energy for U i (r (i) ) is defined as i non-interacting molecules at infinite separation from each other. This choice of zero of energy sets the absolute scale of the Helmholtz free energy so that the internal free energy goes to the ideal gas limit 25 as the constraining volume becomes large.
The forward reactive flux, the quantity that is minimized in VTST, is explicitly given by the expression
The condition,
serves to define the optimal dividing surface, the dynamical bottleneck corresponding to the
3. Given r i ‡ , we have a self-consistent definition of a cluster that may be used to define an equilibrium cluster population.
In the non-interacting cluster limit, from an analysis of the most probable population subject to the constraints that the total number of molecules N, are held constant
and the total volume of the system, V, is constant
yields the equilibrium cluster distribution function
where the monomer chemical potential
and p is the total external pressure imposed on the clusters. V 1 is the volume occupied by monomers, and since the volume occupied by the clusters is much smaller than the total volume, one can approximate V≅ V 1 . The quantities (N, V, T, N 1 ) define the relevant thermodynamic ensemble and are thus held constant. Eq. (3) serves to define the condensation rate constants, β i−1 , in terms of the evaporation rate constants,
In Section II the sensitivity of the nucleation rate J ss to the kinetic parameters was discussed. In this section, the sensitivity of the nucleation rate to the underlying potential energy of interaction U i (r (i) ) is explored. Starting from the expression for the nucleation rate given in Eq. (6) (in terms of α i and β i ), and using Eq. (10), the functional derivative of the steady-state nucleation rate with respect to the potential function can be written as
In obtaining Eq. (25) we used the fact that α i is a functional of the interaction potential U i (r (i) ), which can be seen by examining Eqs. (16)- (18), whereas β i-1 is a functional of both
and U i (r (i) ), which can be seen from the detailed balance condition given in Eq. (4), and Eqs. (18), and (24) . Starting from the expression of the nucleation rate in terms of α i and N i EQ , Eq.
(3), and using Eq. (14) gives
It was demonstrated in Section II (see Figure 1 ) that by treating α i and N i EQ as the independent variables the nucleation rate is only sensitive to those clusters near the critical cluster, i.e., ω i peaks at the critical cluster size i*. Comparison of Eqs. (25) and (26) shows the further advantage of using α i and N i EQ as the independent variables, which yields a simpler form showing the sensitivity to the interaction potential. Eq. (26) clearly reveals that the sensitivity of the nucleation rate to the interaction potential for the i-cluster arises solely from the sensitivity of the evaporation rate constant and equilibrium population to the underlying interaction potential for that cluster. The remainder of our discussion will focus on Eq. (26).
The central quantity in the construction of α i and N i EQ is the total Helmholtz free energy of the i-cluster A i TOT given by Eq. (18) . The dependence of α i on A i TOT is through its derivative, as shown in Eqs. (16) and (17), which is expected to have a much weaker dependence than for N i EQ in which A i TOT appears in an exponential, as shown in Eq. (24) . Therefore, the main focus should be placed on the sensitivity of N i EQ to variations in the interaction potential
The second term on the right hand side of Eq. (27) arises because r i ‡ , and therefore volume v i ‡ , depends implicit ly on the interaction potential through Eqs. (20) and (21). In previous calculations it was observed that the variation of r i ‡ with cluster size is rather small and hence expect the variation with potential to be small. Thus, the last term in Eq. (27) will be neglected from further discussion. Using Eq. (18) the variations of A i TOT with U i (r (i) ) can be expressed as
Once again, it is assumed that the variations in r i ‡ with respect to the interaction potential are small compared to the direct contribution from the first term on the right hand side of Eq. (28), and therefore the second term on the right hand side of Eq. (28) can be neglected. Combining the results from Eqs. (26)- (28), with the above caveats, allows the variation of the nucleation rate with respect to the interaction potential to be expressed as
. (29) This result indicates that the nucleation rate will show greatest sensitivity to the regions of the potential that are most probable. Therefore, a change in the interaction potential at a point near a minimum of the potential energy surface will have a greater effect on the nucleation rate than a change in the potential energy at a point higher in energy. It should be noted though that the functional derivative in Eq. (29) is per unit volume, and a better estimate of the sensitivity of the nucleation rates to changes of the interaction potential in a given region of configuration space will be given by integrating Eq. (29) over that region. Integration of Eq. (29) over all space shows that the sensitivity of A i TOT to U i (r (i) ) is unity when averaged over all changes i n the underlying potential.
The following qualitative conclusion can be drawn from Eq. (29) . Changes to the interaction potential that increase the binding energy of the clusters (e.g., make U i (r (i) ) more negative) will decrease the Helmholtz free energies of the clusters, and decreases in the First a discussion of the computational methods used to evaluate the Helmholtz free energies is necessary before describing the results of the calculations. Calculating the Helmholtz free energy for an i-cluster can be performed in a variety of ways. Consider two possibilities: (1) step-wise addition and (2) absolute determination. In the step-wise addition procedure, Helmholtz free energy differenc es between adjacent-sized clusters are calculated and then added together to obtain the total free energy for an i-cluster. This procedure has the disadvantage that the errors in the free energy difference estimation accumulate each time a molecule is added. For example, an uncertainty of ±0.5 kcal/mol in each free energy difference yields an overall uncertainty of ±3.2 kcal/mol resulting from the addition reactions required to reach a 40 molecule cluster (assuming the errors add in quadrature). In contrast, if one uses a free energy technique that allows the absolute determination of the i-cluster Helmholtz free energy then the error propagation problem can be mitigated. Why is this important? These small errors and uncertainties in molecular-level calculations can have an enormous impact on the nucleation rate because of the large sensitivity demonstrated above.
IV. APPLICATION OF DNT TO WATER CLUSTERS
In the present study two popular water potentials used in the chemical physics literature are employed: Dang-Chang (D-C) 26 and TIP4P. 27 Both models are rigid with slightly different geometries and point charges, and the D-C model incorporates non-additive effects by including molecular polarizability. Monte Carlo simulations of Helmholtz free energies and evaporation rate constants at 243 K were performed using these interaction potentials. Techniques were previously developed to calculate the dependence of the cluster Helmholtz free energy on the radius of the constraining volume. 16, 17 Association-dissociation reactions involved in the nucleation process include both compact and rarefied molecular configurations. The smaller clusters tend to break apart whereas the larger clusters tend to remain together. As a result, calculations were carried out on a massively parallel computing system allowing the total configurational sampling to be divided over many processors. This allowed an assessment of the degree of sampling required in order to achieve good statistics.
The dependence of the Helmholtz free energy on the constraining radius for dimer and hexamer using the D-C and TIP4P models are both shown in Figure 3 . For the same temperature and constraining volume the TIP4P potential yields lower free energies with smaller derivatives with respect to r cut . This finding is consistent with the TIP4P model having stronger water cluster binding energies than the D-C model. The absolute Helmholtz free energies for the two models (to be discussed below) and their dependence on r cut are significantly different. Thus, the cluster distribution functions and the evaporation rate constants (determined from the slope of A i (r cut ) versus r cut at the minimum in the reactive flux) are very sensitive to the underlying interaction potential. The dependence of the evaporation rate constants on interaction potential is shown in Figure 4a . Again, the change in interaction potential changes the rate constants by about an order of magnitude. The general trend is that a more binding interaction potential causes a decrease in the evaporation rate constants along with a corresponding increase in the condensation rate constants shown in Figure 4b . Thus, interaction potentials that give stronger binding energies will yield higher nucleation rates than their lower binding alternatives. Note that at higher temperatures one should expect the dependence of Helmholtz free energy on the constraining radius to be more pronounced since, on average, the clusters will be less stable.
The internal Helmholtz free energies, A i r cut ,T ( ), for water clusters calculated using the same spherical volume and temperature but employing different interaction potentials are provided in Table I . The Helmholtz free energies were determined using the finite time external work method of Reinhardt and coworkers. 28 These are needed for determination of the condensation rate constants and equilibrium constants via the cluster distribution function. The external work method allows for the absolute determination of the Helmholtz free energy of an icluster relative to that of an ideal gas (known analytically) at the same conditions. The results of Table I show that the D-C and TIP4P water potentials give quite different cluster free energies (the discrepancy at the decamer is 8.9 kcal/mol). The cluster concentrations for both the D-C and TIP4P water models are shown in Figure 4c . Clearly, large differences in the absolute Helmholtz free energies translate into very large differences in the cluster concentrations. For the decamer, the concentrations given by the D-C and TIP4P water models already differ by 8 orders of magnitude! Recall that just a few tenths of a kcal/mol can give rise to large differences in the kinetics underlying the nucleation process. It should also be noted that the optimum values of r cut for the two potentials are the same and given by the last column of Table I . This result justifies the approximation made above that the functional derivatives of r i ‡ with respect to the interaction potential can be neglected in Eqs. (27) and (28) . Furthermore, Figure 4 clearly shows that the dominant contribution to the sensitivity of the nucleation rate to the interaction potential is through the equilibrium population and that the neglect of the variation of the evaporation rate constant with interaction potential in Eq. (26) is justified.
A rigorous thermodynamic argument shows that the differences in Helmholtz free energy between adjacent-sized clusters must approach the bulk equilibrium vapor chemical potential, µ o , of water as the clusters approach macroscopic dimensions. 29 Using the approach of Hale and coworkers, the variation in work of formation with respect to cluster size allows one to compare molecular-level information to the corresponding bulk thermodynamic quantities extrapolated down to the molecular limit. Using the reversible work of cluster formation from the Dillmann-
In Eq. (31) 
Recall . Although different interaction potentials may eventually converge to the bulk limit (as they were parameterized to do so) the way they approach this limit is exactly where the greatest uncertainty lies. Although these may seem like small differences, the implications are profound when trying to understand the detailed kinetics of the nucleation process. This is because a difference of only a few tenths of a kcal/mol in each of the many chemical reactions that must take place in order to surmount the activation barrier can have tremendous consequence on the overall nucleation rate. An illustrative example of this was carried out in Section III using the Dillmann-Meier model for water. This extreme sensitivity to the underlying atomic and molecular interactions is exactly what was observed in cloud chambers over 100 years ago.
In previous molecular theories (as with CNT) the condensation rate constants are determined using the gas kinetic collision rate and then, by detailed balance, the evaporation rate constant is calculated. In DNT, the evaporation rate constant is calculated directly using VTST and then the condensation rate constant is determined via detailed balance. When the condensation rate constants determined using DNT are compared with those calculated using gas kinetics one finds that the condensation rate constant is enhanced. 17 This is consistent with the findings of Vasile′v and Reiss 31 that an attractive potential can increase the condensation rate by offering a larger effective cross section. This is further verified by experimental studies 32 on water clusters showing that the effective cross section is larger than that deduced from geometric cross sections based on bulk densities. Work is in progress towards simulating the larger water clusters (30 to 60 water molecules) so that the pseudo-first order kinetic equations can be solved numerically to obtain transient and steady-state homogeneous nucleation rates.
V. DISCUSSION
To date, there have been no classical interaction potentials for water that have been parameterized for clusters relevant to nucleation (i.e. clusters containing 2 to 60 water molecules). The development of potentials that accurately describe clustering reactions poses a major challenge for any molecular theory of nucleation. It is not appropriate to think of small cluster properties in terms of bulk properties or modifications thereof as is commonly used in classical theory. In CNT, small clusters are treated as liquid droplets endowed with properties such as surface tension and density. Bulk quantities like surface tension are unable to provide true insight into the detailed kinetics involved in clustering reactions much less when a single trace contaminant molecule is affecting the cluster stability. The concepts of molecular volume and surface area lose their meaning when trying to understand small cluster chemical dynamics.
This want for a simple cluster description is further compounded by the fact that nucleation often occurs under conditions where physico-chemical data are unavailable. The relatively small size of these clusters provides a compelling argument for treating molecular interactions explicitly.
Effective classical water potentials (many based on pairwise interactions) have the advantage of low computational cost; however, they have the disadvantage that their validity becomes more suspect when the conditions of particular interest are outside those under which the model was parameterized. Once again, the D-C 26 and TIP4P 27 interaction potentials for bulk water will be used to illustrate some important concepts. The major difference between the two models is that D-C incorporates non-additive effects by including molecular polarizability. These models were parameterized so that classical simulations reproduce some bulk properties of liquid water at ambient conditions (e.g., radial distribution functions, heat of vaporization E, and liquid density ρ). See Table II for a summary of their properties and the corresponding experimental results [33] [34] [35] (µ denotes the molecular dipole moment). The conclusion to be drawn from Table II is that simply parameterizing to a few selected properties of bulk water doesn't guarantee quantitative agreement when describing other properties or even those same properties at different temperatures. For example, the surface tension, σ, of both models 26, 30 differ markedly (TIP4P ≈ 25% too low and D-C ≈ 28% too high) from the experimental value. 35 Obtaining the correct surface tension from a molecular model requires being able to properly describe the delicate balance of tangential and normal forces at the interface. Since small water clusters are mostly surface (in the sense that there is no well-defined bulk phase) it seems fairly obvious that the bulk surface tension is a relevant property that a molecular model, at least, should be able to describe quantitatively. For example, in CNT increasing the surface tension of water by 25% (at 300K and a supersaturation of 5.7) decreases the steady-state nucleation rate by more than 10 orders of magnitude. This is because the steady-state nucleation rate J ∝ exp(-σ 3 ) (in the classical framework). Hence, a small variation in the surface tension leads to a large variation in the overall rate.
It is also interesting and informative to see how well these water models describe cluster energetics. Table III shows a comparison between the D -C, TIP4P, and ab initio minimum energies 36 for the water dimer through the hexamer (including the cage, ring, and prism isomers).
First, note that the D-C and TIP4P consistently under-bind and over-bind the water clusters, respectively (compared to the ab initio data). This is not too surprising since these models were never intended to describe small cluster properties. Comparing Tables I and III show that the binding energies and internal Helmholtz free energies show the same trends. For example, the differences in Helmholtz free energies for the two models are within 0.5 kcal/mol of the differences in binding energies for i = 2-5. In general terms, since ∆A=∆E-T∆S, the more strongly binding water potential (shown later in Table III ) yields a lower Helmholtz free energyassuming similar entropic contributions.
Let's take a closer look at the H 2 O dimer in order to illustrate some key points -these will be important to keep in mind in considering the evaporation and condensation reactions and will hold for the larger clusters too. The ab initio zero-point exclusive binding energy for (H 2 O) 2 is -5.0 kcal/mol (us ing second-order Møller-Plesset perturbation theory extrapolated to the complete basis set limit, denoted MP2/CBS). 36, 37 However, there is a change in zero-point energy (ZPE) between the dimer and the isolated monomers, which is estimated using the harmonic approximation to be about +2.1 kcal/mol. This brings the ZPE-corrected binding energy of the (H 2 O) 2 dimer to -2.9 kcal/mol. The harmonic approximation of ZPE is not rigorous and in many cases unjustified (this will be discussed in more detail below). However, it does offer an estimate of the ZPE effect on cluster energetics. This effect was also seen in more accurate calculations (including anharmonicity) of internal energies of Lennard-Jones clusters at 10 K by Freeman and Doll, 38 who found the quantum mechanical simulations of the energy to give an energy about 1.8 kcal/mol higher than a classical simulation for an argon 20-cluster. The inclusion of ZPE reduces the water dimer binding energy. For larger water clusters, the change in ZPE is expected to be positive because the number of vibrational modes increases by 3 each time a water molecule is added to a cluster. Thus, for an effective interaction potential to provide an accurate description of small water clusters, the binding energies cannot exceed the ab initio results. parameterized to the properties of the deuterated species. An alternative is to develop an interaction potential based on accurate electronic structure data that would provide a much broader description of the properties of both water clusters and condensed phases for both isotopic species. However, use of these models requires quantum mechanical simulations (such as path integral methods 40 ) since they have been parameterized to the electronic cluster energies without any corrections for quantum mechanical effects on nuclear motion. This makes them less attractive from a computational standpoint using current technology. In this case, path integral simulation on exactly the same interaction potential would cause a reduction in binding energy due to ZPE effects. The systematic increase in the ZPE-corrected binding energy with deuteration will have the qualitative effect of shifting the condensation rates up relative to the evaporation rates as shown in Figure 2 . Therefore, a molecular-based theory should predict larger nucleation rates for D 2 O than for H 2 O, in accord with experiment. A quantitative calculation of this enhancement with deuteration will require an interaction potential suitable for
The cluster Helmholtz free energy is an important quantity in the molecular description of nucleation. To this end, we shall address an approach used often in the literature -the use of harmonic free energies. 41 Using any standard textbook in theoretical statistical thermodynamics 42 one can find expressions for the Helmholtz free energy of a polyatomic system within the harmonic approximation. This route is typically chosen because of (1) its simplicity and/or (2) to avoid calculating the full anharmonic partition function directly. Figure 6 shows a comparison of the Helmholtz free energies calculated using the harmonic approximation and the results determined from sampling the full intermolecular potential using the D-C water model. Clearly, since reaction rates depend delicately upon free energy profiles along the reaction coordinate, any predictions made employing harmonic approximations are suspect. Furthermore, the differences in the intermolecular potentials for water give rise to large discrepancies in the cluster free energies as shown in Table I . The situation is already complicated by the existence of several interaction potentials for water and using a harmonic treatment for thermodynamic quantities just makes matters worse since the conclusions are deceptive.
VI. COMMENTS AND CONCLUSIONS
In summary, a theoretical approach to vapor-to-liquid nucleation, Dynamical Nucleation Theory (DNT), has recently been developed that allows determination of nucleation rates starting from a description of the potential energy of interaction between molecules. DNT directly evaluates monomer evaporation rate constants from single component clusters using VTST. We choose a spherical VTST dividing surface that is equivalent to the "physically consistent clusters'' used in previous molecular theories. The optimal dividing surface (in this case, the cluster constraining radius r cut ) is obtained by minimizing the reactive flux. This allows for the unambiguous identification of those clusters that are most stable with respect to evaporation and thus contribute most to the overall nucleation rate.
We have, for the first time, applied sensitivity analysis to the kinetic mechanism of nucleation. When a sensitivity analysis is performed on the kinetic parameters, it is found that the nucleation rate is most sensitive to all pre-critical clusters rate constants when the evaporation and condensation rate constants are treated as independent variables. In contrast, the nucleation rate i s most sensitive to those clusters near the critical cluster when the evaporation rate constant and equilibrium cluster populations are treated as the independent variables.
We have also analyzed the sensitivity of the kinetic parameters and the nucleation rate on the underlying interaction potential. The expression of the nucleation rate in terms of the evaporation rate constants and equilibrium cluster populations is the most convenient starting point for this analysis because it leads to simple dependencies on the interaction potentials for the different clusters. We have demonstrated that the sensitivity of nucleation rate to the interaction potential is determined primarily by changes in the equilibrium clusters populations, which in turn are determined from the cluster Helmholtz free energies. Calculations were performed for two popular model interaction potentials for water to test the sensitivity of the kinetic parameters to the interaction potential. Evaporation rate constants for the same physical conditions (temperature and volume) changed by almost an order of magnitude with the change in interaction potential. Differences in absolute free energies of up to 8-9 kcal/mol for clusters up to the decamer were observed for the two interaction potentials. It was shown that systematic shifts in the Helmholtz free energies by 0.5 kcal/mol for each cluster leads to changes in the nucleation rate by over 10 orders of magnitude.
In conclusion, we have shown how the extreme sensitivity of the nucleation rate depends upon the underlying kinetic parameters and how those parameters are affected by the interaction potential. The absolute Helmholtz free energy of the cluster is affected by the interactions of all the molecules in the cluster including the possibility of a trace ion, atom, or molecule. The point being made here is that a favorable interaction between water molecules and a trace component will ultimately lower the absolute free energy. This absolute free energy, in turn, will affect the distribution f unction of the critical cluster. Again, observation implies that nucleation phenomena are affected by the slightest trace of contaminant. Phenomenological models of nucleation such as CNT, are parameterized in term of bulk properties and to the extent that the bulk properties of multicomponent systems can parameterized, can be extended to mixed systems. Such efforts in the past have met with mixed results 43 and are not suitable for treating the effects of trace contaminants on nucleation rates. For these studies, a molecular approach (such as DNT) is required in which the influence of the trace species is explicitly included via interaction potentials for that species. DNT will properly treat the influence of trace species on the kinetic parameters as a function of cluster size, which would be extremely difficult (if not impossible) to parameterize in a phenomenological model in an unambiguous manner. The utility of DNT has been demonstrated by calculating the evaporation and condensation rate constants for small water clusters. Future work will include what effects a single trace molecule such as sulfuric acid has on the rate constants and free energies of small water clusters. Weighting functions u i show the sensitivity of the nucleation rate to the evaporation and condensation rate constants. Weighting functions w i show the sensitivity of the nucleation rate to the evaporation rate constants and equilibrium cluster populations. Weighting functions u i show the sensitivity of the nucleation rate to the evaporation and condensation rate constants. Weighting functions w i show the sensitivity of the nucleation rate to the evaporation rate constants and equilibrium cluster populations. is the monomer concentration at S = 10. 
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